In this paper, the Lie symmetry analysis method is performed for a Bogoyavlenskii equation. The symmetries and exact invariant solutions for the equation are retrieved for the first time. The conservation laws of the Bogoyavlenskii equation are constructed using the conservation laws theorem introduced by Ibragimov.
Introduction
Mathematical modelling of scientific events is illustrated by nonlinear evolution equations (NLEEs). As such, it is important to obtain the general solutions of these models. The solutions of nonlinear partial differential equations (NLPDE's) provide a lot of information related to the character and structure of nonlinear models to researchers [1] . Many efficient techniques have been enhanced to provide useful information for researchers in the field of mathematics, physics and engineering. During the last decades, a variety of techniques have been recommended to analyze the behavior of NLPDEs .
Lie's classical theory is a basic of some generalizations. One of these generalizations is presented as a nonclassical approach by Bluman and Cole [3] . The most convenient description of Lie's invariance for initial value problems (IVPs) is given and summarized by Bluman et al. [4, 5] . Details of the Lie symmetry technique is given in [6] . A technique for investigating the special symmetries of NLPDEs can also be found in [7] .
In this paper, we will consider the Bogoyavlenskii (BK) equation given by [9] [10] [11] : au t + u xxy + bu 2 u y + Cu x υ = 0,
where u is a shock wave, υ is the potential in physical process. The BK equation is a member of non-iso spectral scattering problems and breaking soliton theory [8] . Many authors have studied the BK equation and have reported the solutions of the equation. In Ref. [9] , travelling wave and the singular manifold methods were used to retrieve the solitary wave solutions of the equation. The G /G method was utilized to study the BK equation [10] . Also, the improved tanh-coth method was applied to study the solitary wave structure of the BK equation in [11] . * corresponding author; e-mail: minc@firat.edu.tr
In this work, we aim to investigate the solutions of the equation from the Lie symmetry point [6, 12, 13] of view and then apply the new conservation theorem introduced by Ibragimov [14, 15] to establish the CLs for the BK equation.
Lie symmetry analysis and exact invariant solutions
In this section, we will extract the point symmetries [6, 11] of BK equation Eq. (1). The group invariant analysis and exact solutions will be investigated. Let us consider a one parameter Lie group of transformations
with a small parameter 1. The vector field associated with the above group of transformations can be written as
where ξ 1 (t, x, y, u, υ), ξ 2 (t, x, y, u, υ), ξ 3 (t, x, y, u, υ), η 1 (t, x, y, u, υ), η 2 (t, x, y, u, υ) are the infinitesimals to be determined. For the system Eq. (1), the prolongation of Γ is given by P 3 r . Thus, the invariance condition [12] can be written as
where
Application of the prolongations of Eq. (4) to Eq. (1) results in a huge overdetermined system of linear partial differential equations (LPDEs) for the infinitesimals. The solutions of the system of LPDEs lead us to some cases split based on the constants [12] : Case 1: a = 0, b = C = 0. In this case, by using the determining equations, we obtain
where C i (i = 1,. . . ,5) are constants. Hence, the related vector field becomes
For the generator
Substituting Eq. (1) into the BK equation, we obtain the following system of ordinary differential equations (ODEs):
Setting b = C = 0 in Eq. (10), we acquire
Solving Eq. (11), we get the following exponential function solution:
Subsequently, we obtain the following solution for the BK equation:
where ψ = a(a + 4C 2 3 − 4C 3 ) and ξ 1 , ξ 2 are given in Eq. (9).
Case 2: a = 0, C = 0. The coefficient functions of vector field in this case are
where C i (i = 1, . . . , 4) are constants. Hence the related vector
The similarity variables for the following vector field:
where 
G(ξ 2 ) is an arbitrary function. Thus, the exact solution for the BK equation for this case is given by
Case 3: a = 0, b = 0 C = 0. For this case, the coefficient functions of vector field are
where C i (i = 1,. . . ,5) are constants. Hence the related vector fields for this case are given by
, and choosing the function F 1 (t, y) = 1, Eq. (1) transforms to the following ODE:
satisfying the following ODE:
Solving the above system of ODE, we obtain
Subsequently, we obtain the following topological and non-topological soliton solutions for the BK equation:
where ψ = a 2 − 8C 2 2 a and ξ 1 , ξ 2 are given in Eq. (24).
Non-local conservation laws
In this section, we first give a brief introduction of the new conservation theorem [14] and then we apply the method to construct the conservation laws of the BK equation Eq. (1). We first consider the following Theorem from [15] :
Theorem 3.1 The system of m differential equations F α (x, u, u 1 , . . . , u s ) = 0, α = 1, . . . , m, (28) having m dependent variables u = (u 1 , . . . , u m ) has adjoint equation
and Lagrangian given by
where z β = z β (x, t) is a nonlocal dependent variable. To investigate the CLs of Eq. (1), we let
We compute the formal Lagrangian using Eq. (30):
where z = z(t, x, y) and w = w(t, x, y) are new dependent variables called the nonlocal variables. The adjoint system can be obtained using Eq. (29) as
After the above operation, the adjoint becomes
In the following we recall the following theorem given by Ibragimov [14] . 
and
The components (T 
In constructing the CLs for the vector fields admitted by the BK equation for the three cases discussed in Sect. 2, we extracted nine vector fields without repetition.
• We first consider the vector field Γ 1 = • The Lie point symmetry generator Γ 3 = ∂ ∂t , yield the conserved quantities T • Lie point symmetry generator Γ 6 = 2y
yields the conserved vector with components
yy z x +2yz y u xy − xz x u xy − 2yu y z xy + xu x z xy +u(Czυ + z xy ) − 2yzu xyy − xz y u xx +xzu xxy ,
• Lie point symmetry generator
• Lie point symmetry generator Γ 8 = −2x +2yυ y ) − 2Cxzυu x + z y u x − 5u y z x −4yu yy z x + 3yz y u xy + 2xz x u xy + 4yu y z xy −2xu x z xy + u(Czυ + z xy ) + 4yzu xyy +2xz y u xx − 2xzu xxy . T y 8 = −bu 3 z + u 2 aw + 2bz(−2yu y + xu x ) +4yz x u xy + 3zu xx − 2xz x u xx + u w(4ayu y −2axu x ) − z xx − 4yu y z xx − u x (z x −2xz xx ) − 4yzu xxy + 2xzu xxx , T t 8 = −z (u + 4yu y − 2xu x ).
• Finally, the Lie point symmetry generator Γ 9 = aF 1 (t) c ∂ ∂υ
∂ ∂x yields the conserved vector with components T 
Conclusion
We have used Lie symmetry methods to find the exact solutions of the BK equation. The obtained solutions are expressed in terms of trigonometric, algebraic and exponential functions. In particular, nine sets of nontrivial CLs of the BK are constructed using the general CLs Theorem. All the obtained solutions satisfy the BK equation. This was verified using the Wolfram Mathematica 9.
